Let R be a commutative ring with identity. In this paper we define the notion of almost primary ideal. An ideal of a ring R is said to be an almost primary ideal if for a, b ∈ R with ab ∈ I − I 2 then a ∈ I or b n ∈ I for some n ∈ N. We prove that in Noetherian domains almost primary ideals are primary.
Introduction
Throughout, R will be a commutative ring with identity. Prime and primary ideals play a center rols in commutative rings theory. A prime (primary) ideal P of R is an ideal with the property that for a, b ∈ R, ab ∈ P implies that a ∈ P or b ∈ P ( b n ∈ P for some n ∈ N). A proper ideal I of R is called almost primary ideal if whenever ab ∈ I − I 2 for a, b ∈ R, then a ∈ I or b n ∈ I for some n ∈ N . By definition, every primary ideal is almost primary ideal. In sec 2, we prove that all almost primary ideal in a Noetherian domain are primary (Corollary 2.11.) and also prove that in a regular domain almost primary ideals are precisely primary ideals.
Main Results
Definition 2.1. Let R be an integral domain. We say that an element c ∈ R is a primary if and only if Rc is a primary ideal.
Lemma 2.2. Let c be a non-zero, non-unit element in an integral domain R . If c is not a primary element, then there exists a, b ∈ R such that a / ∈ Rc and b n / ∈ Rc for all n ∈ N, such that ab ∈ Rc but ab / ∈ Rc n for all n ∈ N and n ≥ 2.
Proof:
As Rc is not a primary ideal then there exist a, b ∈ Rsuch that ab ∈ Rc but a / ∈ Rc and b n / ∈ Rc for all n ∈ N. If ab ∈ Rc n for some n ≥ 2, say that n 0 , then for d = b + c and ad = ab + ac, we have d / ∈ Rc and ad ∈ Rc. If ad ∈ Rc n 0 , then ac ∈ Rc n 0 since ab ∈ Rc n 0 . So a ∈ Rc, that is contradiction to our assumption. Hence the result holds. Example 2.3. Let Z be an integer numbers, Put c = 6, a = 2 and b = 3, then 6Z is not primary, 2 / ∈ 6Z, 3 / ∈ 6Z and 6 / ∈ 6 n Z for n ≥ 2. Proof: This is immediate from Lemma 2.2 and Definition 2.1.
Lemma 2.7. Let R be an integral domain and I is an almost primary ideal. Then the following hold:
), then there exist c ∈ R such that c / ∈ I and bc ∈ I. Now we have two cases:
, since c / ∈ I and bc ∈ I and I is an almost primary then bc ∈ I 2 . Let x ∈ I, then x + c / ∈ I and b(x + c) = bx + bc ∈ I. Since I is almost primary, we have b(x + c) ∈ I 2 hence bx + bc ∈ I 2 . because bc ∈ I 2 so, bx ∈ I 2 and therefore bI ⊆ I 2 . (b) Suppose that xy ∈ I, x / ∈ I, hence y ∈ Zdv(
R I
). Now we have two cases: ∈ m, then x is a unit and therefore y ∈ I and if y / ∈ m, then y is a unit and therefore x ∈ I. Definition 2.9. Let I be an ideal of the ring R. An element a ∈ R is said to be related to I if ther exists some r / ∈ I such that ar ∈ I.
Lemma 2.10.Let R be a Noetherian ring. Then an element a belong to some associated prime ideal of the ideal I if and only if there exists some r ∈ R such that r / ∈ I and ar ∈ I.
Proof:
We prove that (I : (a)) = I if and only if (a) is contained in no associated prime ideal of I. So assume that I = Q i , and
Lemma 2.11. Let J, K be two non-zero ideal in a Noetherian integral domain R such that K J and J K. If J ∩ K is almost primary, then
Proof: It suffices to prove that K ⊆ √ J. If not, then there exists a prime ideal P of R minimal over J such that K P . Choose an element
R p , and consequently J J (2) . Note that as J K and J J (2) (2) . However, x ∈ R − P , and xy ∈ J 2 ⊆ J (2) implies y ∈ J (2) , which is not true. We have contradiction the fact that J ∩ K is almost prime. Corollary 2.12. Every almost primary ideal in a Noetherian domain R is primary.
Proof: Let I be an almost primary ideal in R. If I is not primary, then any minimal primary decomposition of I must have at least two components. Take a minimal primary decomposition of I and let P be a minimal prime associated with I with the corresponding primary component Q. If K is the intersection of all other primary components in the decomposition, then I = Q ∩ K where
This contradicts the assertion in the Lemma 2.11. Hence I is primary. Lemma 2.13. Let I be an almost primary ideal in an integral domain R. Then for any multiplicatively closed subset S of R disjoint from I. S −1 I is an almost primary in the ring S −1 R.
Proof: Let x, y ∈ R and s, t ∈ S,
Then there exists u ∈ S such that uxy ∈ I. Moreover wxy / ∈ I 2 for any w ∈ S. Hence uxy ∈ I − I 2 . As I is almost primary either ux ∈ I or y n ∈ I for some n ∈ N. Consequently, either
Theorem 2.14 Let R be a discrete valuation ring. Then an ideal I of R is almost primary if and only if I is primary.
Proof: If I is primary there is no thing to prove. Then assume that I is almost primary and suppose that m is only maximal ideal, then I = m k for some k ∈ N. Since √ I = m, therefore I is primary.
Proposition 2.15. Let I be an ideal of the ring R, then an element a ∈ R is related to I if and only if the quotient ideal (I : (a)) = I.
Proof: Let a ∈ R be related to I, hence there exists some r / ∈ I such that ra ∈ I, therefore (I : (a)) = I. Conversly, suppose that (I : (a)) = I, hence there exists r ∈ (I : (a)) such that r / ∈ I. That is ra ∈ I and r / ∈ I., whence a is related to I. Proposition 2.16. Let I be an ideal of the ring R, then an element a ∈ R − I is related to I if and only if a ∈ Zdv(
R I
).
Proof: Let a ∈ R − I be related to I, then there exists some r / ∈ I such that ra ∈ I, hence a(r + I) = I, that is a ∈ Zdv(
). Converesly, let a ∈ Zdv( R I ), so there exists r + I = I such that a(r + I) = I, that is a related to I. Corollary 2.17. Let R be an Integral domain and I be an almost primary ideal of R such that an element a ∈ R − I is related to I, then aI ⊆ I 2 or aI ⊆ I √ I.
Proof: By proposition 2.16.
